This paper deals with the exponential stability of a class of nonlinear delay-integrodifferential equations of the forṁ
Introduction
Delay differential equations (DDEs) are widely used for modeling various problems from mechanics, control theory, physics, biology, economics, etc. (cf. [1] [2] [3] [4] [5] ) The stability analysis is very important for delay systems. This arouses many researchers' interest and hence achieves a lot of valuable results (see eg. [3] [4] [5] ). Unfortunately, however, the stability research of DDEs are more difficult than that of ordinary differential equations (ODEs) since the solutions of the former depend not only on the present states but also on the past ones. In view of this, ones wish to study stability of DDEs by virtue of the stability property of the corresponding ODEs. Generally to speak, this is impossible if there is not any restriction on the concerned DDEs. For example, it is well known that the trivial solution of the ODE y (t) = py(t) (p ∈ R) is stable iff p < 0. But, by the Proposition 2 in [3, page 330] , the trivial solution of the corresponding DDE y (t) = py(t) + qy (t − τ ) (p, q ∈ R) is unstable for any τ ≥ 0 if q > −p. Nevertheless, under some suitable conditions, it is possible to derive stability result of DDEs with the stability condition of the corresponding ODEs. In the References [7] [8] [9] [10] [11] , authors regard the linear DDĖ
as the perturbed system of the corresponding linear ODĖ y(t) = (A + B)y(t), (1.2) and then show that (1.1) is asymptotically stable whenever so is (1.2) and time lag τ satisfies suitable conditions. Based on the above idea, [6] further extended such analytical method to the following nonlinear DDEṡ by considering the stability behavior of nonlinear ODĖ y(t) = f (t, y(t), y(t)) (1.4) and obtained some new stability criteria for (1.3).
We note that the above analytical method, up to now, was only applied to the DDEs with discrete delays. What stability condition will be obtained if the analytical method is used to the DDEs with both discrete and distributed delays, that is delay-integro-differential equations (DIDEs)? To answer this problem is just the aim of the presented paper.
The following DIDEṡ
can be viewed as the perturbed system of the following ODEṡ
Based on such an idea, in this paper, we prove under some suitable conditions that the nonlinear DIDE (1.5) will remain exponential stability if the corresponding ODE (1.6) is exponentially stable.
The exponential stability of nonlinear DIDEs with time-variable delays
Consider nonlinear n-dimensional DIDE with time-variable delays τ i (t) (i = 1, 2):
where each delay function τ i (t) :
n are continuous and satisfy the conditions
in which α, β, γ and η are all positive constants, and · denotes a given norm in R n . Moreover, we assume that g(t, s, 0) ≡ 0 and f (t, 0, 0, 0) ≡ 0. It follows from Theorem 2.3 in [3] that (2.1) with condition (2.2) and (2.3) has a unique solution x(t; t 0 , ϕ) on the semi-closed interval [t 0 − τ , +∞). Specially, when the initial function ϕ(t) = 0 for t ∈ [t 0 − τ , t 0 ], the equation admits a trivial solution x(t; t 0 , ϕ) ≡ 0. Definition 2.1. The (2.1) is called exponentially stable if there exist constants M, ν > 0 such that
For dealing with the exponential stability of (2.1), we introduce the corresponding n-dimensional ODE system
and assume that (2.4) is exponentially stable, i. e. there exist a pair of positive constants M and ν such that
In the following, (2.5) will be called stability inequality.
Based on the idea in [6] , where stability of nonlinear DDEs without distributed delay are concerned, we derive an exponential stability result of (2.1) as follows. , σ }, where δ = ln(M/θ 2 )/(θ 1 ν) (θ 1 , θ 2 ∈ (0, 1)) and σ > 0 is the unique root of the equation
An application of the Gronwall inequality (cf. [3] ) yields
x(r) drds , which implies that for t 0 ≤ t ≤ t 0 + 2δ,
If t ≥ t 0 + τ , then it holds that
A combination of (2.1)-(2.3) yields that
for t ≥ t 0 + τ . By exchanging the order of integrations, one arrives at the following inequalities
(2.14)
Substitution of (2.12)-(2.14) into (2.9) gives
Therefore, when t 0 − τ + δ ≤ t ≤ t 0 − τ + 2δ, inserting (2.11) and (2.15) into (2.8) and using condition (2.5) derives that Moreover, the definition of δ means that
Combining (2.16)-(2.20) yields that Applying the Gronwall inequality to (2.21) gives 
Hence, (2.24) implies that
An introduction to the above inequality yields
(2.25)
Let C > 0 be a constant such that
Then, by (2.25), it holds
ϕ(s) .
(2.26)
Since for any t
While this also holds for t 0 ≤ t ≤ t 0 − τ + δ. So the proof is completed.
The above theorem gives a stability relation between ODEs and DIDEs. This leads us to deal with stability of DIDEs by the stability conditions of the corresponding ODEs. As to what the optimal parameters θ 1 and θ 2 are, the problem still keeps open at present.
Examples
For illustrating the previous theoretical results, in this section, we will give two examples as follows.
Example 3.1. Consider the one-dimensional delay-integro-differential equation
By [6] , the corresponding ODE satisfies the stability inequality (2.5) with M = ν = 1. We choose θ 1 = θ 2 = 0.9, which implies δ = ln(1/0.9)/0.9 = 0.117. Moreover, one easily checks that the conditions (2.2) and (2.3) can be satisfied with α = 1, β = 2, γ = 2, η = 1. Substituting these parameters into (2.7) and solving it yield that σ = 0.0086. Therefore, by Theorem 2.2, the (3.1) is exponentially stable whenever τ < 0.0086. In order to give an intuitionistic illustration to the above stability result, in (3.1), we take ϕ(t) = cos(t) and τ 1 (t) = 0.004|sin(t)|, τ 2 (t) = 0.006|cos(t)|,which implies that the stability condition When the stability condition is not satisfied, however, the solution is unnecessary to be stable. For example, we take ϕ(t) = cos(t) and τ 1 = 1.1|sin(t)|, τ 2 = 0.5| cos(t)|, which leads to that the stability condition is unsatisfied. We solve the equation on interval [0, 50] by the the extended explicit Euler method with stepsize h = 0.001. The solution, shown in Fig. 2 , is unstable. 
Example 3.2. Consider the two-dimensional delay-integro-differential equation
The corresponding ODE is exponentially stable by [6] , where the stability parameters M = ν = 1. Moreover, one can check that the stability condition (2.2) and (2.3) is satisfied with α = β = √ 5, γ = 1, η = √ 2. we choose θ 1 = 0.8 and θ 2 = 0.95, which implies δ = 0.064. Substituting these parameters into (2.7) and then solving it follow that σ = 0.0054. Therefore, by Theorem 2.2, we conclude that the (3.2) is exponentially stable whenever τ < 0.0054. T for Eq. (3.2) with τ 1 (t) = 1.5|sin(t)|, τ 2 (t) = 2|cos(t)| and ϕ(t) = [cos(t), sin(t)]
T .
Again, we use the extended explicit Euler method with stepsize h = 0.001 to solve (3.2) with ϕ(t) = [cos(t), sin(t)] T is plotted in Fig. 3 .
When set ϕ(t) = [cos(t), sin(t)] T and τ 1 (t) = 1.5|sin(t)|, τ 2 (t) = 2|cos(t)|, the stability condition is unsatisfied. We solve the equation on interval [0, 50] by the extended explicit Euler method with stepsize h = 0.001. The solution, shown in Fig. 4 , is unstable. This, again, shows that the stability of the equations can not be assured when stability condition in Theorem 2.2 is unfillable.
